Abstract. We study the invisibility via anomalous localized resonance of a general source for electromagnetic waves in the setting of doubly complementary media. As a result, we show that cloaking is achieved if the power is blown up. We also reveal a critical length for the invisibility of a source that occurs when the plasmonic structure is complementary to an annulus of constant, isotropic medium.
Introduction
Metamaterials are smart materials engineered to have properties that have not yet been found in nature. Their interesting applications as well as the challenges in understanding their fascinating properties have gained a lot of attention from the scientific community in recent years. One important class of metamaterials consists of negative-index metamaterials, characterized by a refractive index with a negative value over some frequency range. These metamaterials were postulated and studied by Veselago [36] in the sixties, and their existence was confirmed by Shelby, Smith, and Schultz [35] in 2001. New fabrication techniques, whose principles are based on the theory of homogenization (see, e.g., [8] and references therein), now allow for the construction of negative-index metamaterials at scales that are interesting for applications.
One of interesting applications of negative-index metamaterials is cloaking and there are several techniques used for this purpose. The first one involves the concept of complementary media which uses an anti-object to cancel the effect of light of the cloaked object. This was suggested by Lai et al. [16] and was mathematically established for related schemes in both acoustic and electromagnetic waves in the time-harmonic regime [23, 31, 27] . Another technique for cloaking an object using negative-index metematerials is via anomalous localized resonance, which was proposed in [25] with its roots in [33, 18, 22] . In this cloaking method, the cloak is independent of the object. There is also a technique to make an object smaller using plasmonic structures, as introduced by Alu and Engheta [3] . This paper is on the invisibility of a source via anomalous localized resonance. This was discoreved by Milton and Nicorovici [18] (see also [33, 17] ) for constant radial-shell plasmonic structures in the two-dimensional quasistatic regime. They showed that a dipole source is invisible if the distance from it to the (negative-index) shell plasmonic structure is less than a critical value; otherwise, it is visible. A key character of this cloaking technique is that the cloaking phenomenon is relative: the invisibility takes place when the source is normalized so that the power is bounded. It is worth noting that for both cloaking using complementary media and cloaking an object via anomalous localized resonance, cloaking happens for a (fixed) source away from the plasmonic structure. Milton and Nicorovici's work was later developed by various authors [9, 5, 4, 13, 15, 21, 22, 29, 34] ; see also the references therein. In the quasistatic acoustic regime, a general setting for this type of cloaking was studied in [22] . We introduced there the concept of doubly complementary media for a general shell, which roughly states that the plasmonic structure is complementary to a part of the core and a part of the exterior of the core-shell structure. The invisibility via anomalous localized resonance of a general source for this structure was investigated there. In particular, we showed that the invisibility occurs when the power of the plasmonic structures is blown up. These results were later extended for the finite frequency acoustic regime in [29] . It is worth noting that the character of the resonance associated with negative-index metamaterials is quite complex; two different types of resonance, localized and complete, can occur in very similar settings [30] .
Though the invisibility via anomalous localized resonance of a source has been extensively investigated for the acoustic waves, this problem has not yet been sufficiently developed in the electromagnetic setting. The goal of this paper is to fill this gap. To this end, we first introduce the concept of doubly complementary media for electromagnetic waves. We then provide criteria for checking the invisibility of a source. Roughly speaking, we establish that (i) a source is invisible if the power of the plasmonic structure is blown up (Theorem 2.1 and the following paragraph); (ii) a source is invisible if it is sufficiently close to the plasmonic structure and is visible if it is far from the plasmonic structure (Propositions 2.1 and 2.2); (iii) if the plasmonic structure is complementary to an annulus of constant isotropic medium, there is a critical length that characterizes the cloaking phenomena, as observed by Milton and Nicorovici in the acoustic quasi-static regime [18] (Theorem 2.2).
Two difficulties in the study of the invisibility of a source via anomalous localized resonance are as follows. Firstly, the problem is unstable. This can be explained by the fact that the equations describing the phenomena have sign-changing coefficients; hence the ellipticity and the compactness are lost in general. Secondly, a localized resonance might appear, i.e., the field explodes in some regions and remains bounded in others as the loss goes to 0. Our analysis involves three-sphere inequalities and the localized singularity removal technique introduced in [23, 20] plays an important role. Negative-index metamaterials have also been investigated using the knowledge of Neumann-Poincare's operator, see e.g., [6] and the references therein. Nevertheless, to our knowledge, the behavior of the fields cannot be addressed using this method unless the family of the eigenfunctions are somehow explicit.
Statements of the main results
Let ω > 0, and let Ω 1 ⋐ Ω 2 ⋐ R 3 be smooth, bounded, simply connected, open subsets of R 3 1 . Let ε + , µ + be defined in R 3 \ (Ω 2 \ Ω 1 ) and ε − , µ − be defined in Ω 2 \ Ω 1 such that ε + , µ + , −ε − , and −µ − are real, symmetric, uniformly elliptic, matrix-valued functions. Set, for δ ≥ 0,
Here and in what follows, I denotes the (3 × 3) identity matrix. We also denote B R (x) as the open ball in R 3 centered at x ∈ R 3 and of radius R > 0; when x = 0, we simply denote B R . As usual, we assume that for some R 0 > 0, Ω 2 ⊂ B R 0 and (ε + , µ + ) = (I, I) in R 3 \ B R 0 , and, for the application of the unique continuation principle, see [32, 7] ,
be the unique radiating solution of the Maxwell equations
1 In this paper, the notation D ⋐ Ω meansD ⊂ Ω for two subsets D and Ω of R 3 .
Recall that a solution (E, H)
is called radiating if it satisfies one of the (Silver-Müller) radiation conditions
Herein, for α ∈ R, O(|x| α ) denotes a quantity whose norm is bounded by C|x| α for some constant
For an open subset Ω of R 3 of class C 1 , one denotes
One also denotes
Physically, ε δ and µ δ describe the permittivity and the permeability of the considered medium, and ω is the frequency. The set Ω 2 \ Ω 1 is the shell region (plasmonic structure) in which the permittivity and the permeability are negative, and iδI describes the loss of this plasmonic structure. For supp J ∩ (Ω 2 \ Ω 1 ) = ∅, the power P δ (E δ , H δ ), or more precisely the dissipation energy, in
In this paper, we investigate the behavior of (E δ , H δ ) away from the plasmonic shell and the behavior of the power P δ as δ → 0 in the doubly complementary setting that will be introduced in Definition 2.2, wherein localized resonance can occur. As seen later, the behavior of P δ depends strongly on the location of supp J relative to the shell Ω 2 \ Ω 1 (Propositions 2.1 and 2.2 and Theorem 2.2). As a consequence of our results, one derives that a source is relatively invisible when the power is explored as δ → 0.
We now describe the problem in more detail. Given a matrix-valued function A defined in Ω, a bi-Lipschitz homeomorphism T : Ω → Ω ′ , and a vector field j defined in Ω, the following standard notations are used, for y ∈ Ω ′ :
,
We first recall the definition of complementary media [26] :
connected, open subsets of R 3 . The medium in Ω 2 \ Ω 1 characterized by a pair of two symmetric matrix-valued functions (ε 1 , µ 1 ) and the medium in Ω 3 \ Ω 2 characterized by a pair of two symmetric, uniformly elliptic, matrix-valued functions (ε 2 , µ 2 ) are said to be complementary if there exists a diffeomorphism F :
and the following two conditions hold: 1) There exists an diffeomorphism extension of F, which is still denoted by F, from Ω 2 \{x 1 } → R 3 \Ω 2 for some x 1 ∈ Ω 1 ; and 2) there exists a diffeomorphism
Conditions (2.5) and (2.6) are the main assumptions in Definition 2.1. Conditions 1) and 2) are mild assumptions. Introducing G makes the analysis more accessible. The key point behind this requirement is roughly the following property. Assume that (E,
(see (3.9) for the notation F * ). Then, by a change of variables (Lemma 3.3), (Ê,Ĥ) satisfies the same Maxwell system as (E, H) in Ω 3 \ Ω 2 and
Since (ε 2 , µ 2 ) is symmetric and uniformly elliptic, by the unique continuation principle, one derives that (Ê,Ĥ) = (E, H) in Ω 3 \ Ω 2 . Fields in a medium which does not satisfy the complementary condition would be stable, i.e., (E δ , H δ ) is bounded away the interface ∂(Ω 2 \ Ω 1 ), in general; see [24] for a discussion on this topic in the acoustic case.
We are ready to introduce the concept of doubly complementary media. Definition 2.2. The medium (ε 0 , µ 0 ) given in (2.1) with δ = 0 is said to be doubly complementary if for some Ω 2 ⋐ Ω 3 , (ε + , µ + ) in Ω 3 \ Ω 2 and (ε − , µ − ) in Ω 2 \ Ω 1 are complementary, and
for some F and G from Definition 2.1. 
Remark 2.2. The definition of doubly complementary media is local, and this medium can be obtained as follows. Fix an arbitrary pair (ε − , µ − ) in Ω 2 \Ω 1 and a pair of F, G given in Definition 2.1.
The choice of (ε
Given a subset Ω of R 3 , we denote 1 Ω as its characteristic function. For a doubly complementary medium (ε 0 , µ 0 ), set
and let ( E, H) ∈ [H loc (curl, R 3 )] 2 be the unique radiating solution of (2.10)
Note that if (ε 0 , µ 0 ) is doubly complementary, then ε and µ are uniformly elliptic in R 3 since det F < 0 and det G < 0.
The first result of this paper is on the behavior of (E δ , H δ ) outside Ω 3 as δ → 0:
be the unique radiating solution of (2.3). Assume that (ε 0 , µ 0 ) is doubly complementary. Then, for R > 0,
for some positive constant C R that depending on R but is independent of J and δ. Moreover,
where
is the unique radiating solution of (2.16).
. As seen later in Proposition 2.2 and Theorem 2.2, the power can blow up in the setting considered in Theorem 2.1. Nevertheless, the fields (E δ , H δ ) remain bounded outside Ω 3 : localized resonance therefore appears. Theorem 2.1 implies the equivalence between the blow up of the power and the invisibility of a source in the doubly complementary setting. This can be derived as follows.
Suppose that the power P δn (E δn , H δn ) blows up for some δ n → 0, i.e., lim
is the unique radiating solution of (2.3). Set
It follows from (2.11) of Theorem 2.1 that
the source is invisible for observers outside Ω 3 after the renormalization to have the boundedness of the power. Theorem 2.1 is, to our knowledge, the first result providing the connection between the blow up of the power and the invisibility of a general source in a general setting for electromagnetic waves via anomalous localized resonance. The starting point of the proof of Theorem 2.1 involves the reflections F and G in the definition of doubly complementary media. The proof also uses three-sphere inequalities and the localized singularity removal technique in an essential way.
When the support of J is outside Ω 3 , one can prove that (
. More precisely, we have the following slightly more general result:
be the unique radiating solution of
where ( E, H) ∈ [H loc (curl, R 3 )] 2 is the unique radiating solution of
Here C R denotes a positive constant that depends on R but is independent of (J e , J m ) and δ.
When J m = J and J e = 0, Proposition 2.1 implies that the source J is invisible away the shell Ω 2 \ Ω 1 since (E 0 , H 0 ) = ( E, H) outside Ω 3 . Proposition 2.1 will be used in the proof of Theorem 2.2 below where a critical length is revealed for the blow up of the power when the plasmonic structure is complementary to an annulus of constant, isotropic medium.
Concerning the blow up of the power, we prove the following result for a class of media in which the complementary property holds only locally.
be the unique radiating solution of (2.3). Assume that there exists a diffeomorphism F :
for some x 0 ∈ ∂Ω 2 and r 0 > 0, and assume that (ε 0 , µ 0 ) is of class C 2 in D. There exists 0 < τ 0 < r 0 , depending only on
Applying Proposition 2.2 with α = 1/2, one obtains conditions for the blow-up of the power. Here is a more quantitative result on the blow up of the power under some additional requirements on (ε 0 , µ 0 ): Theorem 2.2. Let 0 < δ < 1, 0 < α < 1, and J ∈ [L 2 (R 3 )] 3 with compact support, and let (E δ , H δ ) ∈ [H loc (curl, R 3 )] 2 be the unique radiating solution of (2.3). Assume that (ε 0 , µ 0 ) is a doubly complementary medium with Ω 2 = B r 2 and Ω 3 = B r 3 for some 0 < r 2 < r 3 , (ε, µ) = (λI, λI) in B r 3 \ B r 2 for some λ > 0, and
We have
for some r 0 > r α 2 r 1−α 3
and α ≤ 1/2, then
, then
Applying Theorem 2.2 with α = 1/2, one derives, in the setting of Theorem 2.2, that there exists a critical length r * = √ r 2 r 3 such that the existence or non-existence of a solution of the Cauchy problem (2.20) implies the blow up of the power for a sequence of δ n → 0.
The paper is organized as follows. In Section 3, we collect and establish several results used in the proof of Theorem 2.1 and Propositions 2.1 and 2.2. The proof of Theorem 2.1 and Propositions 2.1 and 2.2 are given in Section 4. The proof of Theorem 2.2 is given in Section 5.
Preliminaries
In this section, we collect and establish several facts on Maxwell equations that are used in the proof of the main results. Let Ω be an open, connected, bounded subset of R 3 of class C 1 , and set Γ = ∂Ω. Here and in what follows, one denotes
We now provide a stability result for (2.3).
Lemma 3.1. Let 0 < δ < 1, and let (ε δ , µ δ ) be defined in (2.1).
We have, for R > 0,
In particular, the following inequality holds:
Proof. The proof of this lemma is quite simple. An integration by parts gives
Letting R → +∞, using the radiation condition, and considering the imaginary part, we have
By the trace theory, see, e.g., [2, 10] ,
It follows that
for some positive constant C independent of (J e , J m ) and δ. As a consequence of the unique continuation principle for Maxwell's equations, see, e.g., [26, Lemma 3] , one has
and by the stability of the exterior problem, see, e.g., [26, Lemma 5] , we obtain
for some positive constants C and C R independent of (J e , J m ) and δ. Assertion (3.1) now follows from (3.3), (3.4), (3.5), and (3.6). Assertion (3.2) is a direct consequence of Assertion (3.1) and Hölder's inequality.
It is known that the Maxwell equations can be reduced to weakly coupled second order elliptic equations. More precisely, let Ω be an open subset of R 3 . If (E, H) ∈ H 1 (Ω) and
Here E a and H a denote the a component of E and H, respectively, and the bc component ǫ a bc Using the three-sphere inequality for elliptic systems, see, e.g., [1] , we have
Let Ω be an open, connected, bounded subset of R 3 of class C 1 , and let ε, µ be two elliptic, symmetric, matrix-valued functions defined in Ω of class C 2 . Assume that
Let K ⋐ Ω and B r 0 (x 0 ) ⊂ Ω for some x 0 ∈ Ω and r 0 > 0. We have
1−α for some 0 < α < 1 and for some C > 0 independent of (E, H) and (J e , J m ).
We end this section by recalling the following known change-of-variable formula for the Maxwell equations.
Lemma 3.3.
Let Ω, Ω ′ be two bounded, connected, open subsets of R 3 and T : Ω → Ω ′ be bijective such that T ∈ C 1 (Ω) and
Define (E ′ , H ′ ) in Ω ′ as follows:
Additionally assume that Ω is of class C 1 and T = T ∂Ω : ∂Ω → ∂Ω ′ is a diffeomorphism. We have
where T * is given in (3.12) below.
For a tangential vector field g defined in ∂Ω, we denote
where sign := det ∇T (x)/| det ∇T (x)| for some x ∈ Ω.
Proof of Theorem 2.1 and Propositions 2.1 and 2.2
In this section, we present the proof of Theorem 2.1 and Propositions 2.1 and 2.2. The proof is based on three-sphere inequalities, the use of reflections coming from the definition of complementary media as in [19] , and the use of the localized singularity removal technique with its roots in [23, 20] 
We also introduce ( E δ , H δ ) ∈ [H loc (curl, R 3 )] 2 as follows:
2 Here ν and ν ′ denote the outward unit normal vector on ∂Ω and ∂Ω ′ .
It follows from Lemma 3.3 and the definitions of ( ε, µ) in (2.8) and of J in (2.9) that ( E δ , H δ ) ∈ [H loc (curl, R 3 )] 2 is a radiating solution of the system
We derive from the definition of ( E, H) in (4.3) that ( E δ − E, H δ − H) ∈ [H loc (curl, R 3 )] 2 is radiating and satisfies
Since ε and µ are uniformly elliptic, it follows that, see, e.g., [26, Lemma 4] ,
Here and in what follows, without loss of generality, one assume that Ω 3 ⊂ B R 0 . Applying Lemma 3.1 to (E δ , H δ ), we obtain
Here and in what follows in this proof, C denotes a positive constant independent of J, δ, and R. Combining (4.4) and (4.5) yields
This in turn implies that
, which is (2.11).
We next establish (2.12). Using (2.11), without loss of generality, one might assume that supp J ∩ ∂Ω 2 = ∅ and supp J ∩ ∂Ω 1 = ∅. Fix compact sets K 1 ⊂ Ω 1 , K 2 ⊂ Ω 2 \Ω 1 , and K 3 ⊂ B 2R 0 \Ω 3 (arbitrary). Fix x 0 ∈ ∂B 3R 0 /2 , and set r 0 = R 0 /4. Applying Lemma 3.2 with Ω = B 2R 0 \Ω 2 , we have, for some 0 < α 3 < 1 independent of J and δ,
We derive from (2.11) and (4.5) that
Similarly, using
instead of (2.11), applying Lemma 3.2 with Ω = Ω 1 , and noting that
for some 0 < α 1 < 1 independent of J and δ. Using (4.6), we have (
. Since K 1 and K 3 are arbitrary, it follows from (4.7) and (4.8) that
for some 0 < α 2 < 1 independent of J and δ. This implies
Combining (4.7), (4.8), and (4.9) yields
with α = min{α 1 , α 2 , α 3 }. By choosing K 1 , K 2 , and K 3 such that supp J ⊂ K 1 ∪ K 2 ∪ K 3 (this is possible since one assumes that supp J ∩ (∂Ω 1 ∪ ∂Ω 2 ) = ∅), we derive from Lemma 3.1 that
Assertion (2.12) now follows from (4.4).
Remark 4.1. The introduction of ( E δ , H δ ) plays an important role in our analysis. These fields also play an important role in the proof of cloaking and superlensing using complementary media, see [26, 27] .
Proof of Propositions 2.1.
We use the same notations as in the proof of Theorem 2.1. The key ingredient of the proof is the existence and uniqueness of radiating solutions of (2.3) with δ = 0. The existence proof is then based on the formula
Using Lemma 3.3, one can check that (E
2 is a radiating solution of (2.13) with δ = 0. Defining (E 1,0 , H 1,0 ) and (E 2,0 , H 2,0 ) by (4.1) and (4.2) with δ = 0 and using the unique continuation principle, one can check that if
2 is a radiating solution of (2.13) with δ = 0, then (E 0 , H 0 ) is given by (4.10), which implies its uniqueness. To establish the boundedness of (E δ , H δ ), we note that
Applying Lemma 3.1, one obtains
6 follows from (4.11) using the compactness criterion for Maxwell equations, see, e.g., [26] , and the uniqueness of (E 0 , H 0 ). To prove (2.15), we note that
Since ε and µ are uniformly elliptic, we derive that
and (2.15) follows from (4.11).
Remark 4.2. Assertion 4.12 and the convergence of (E δ , H δ ) to (E 0 , H 0 ) were established in [26] when supp J m ∩ Ω 3 = ∅ and J e = 0. Assertion (2.15) is known from [26] with the term δ 1/2 instead of δ when supp J ∩ Ω 3 = ∅. The proof of (2.15) is different from the one in [22] because of the involvement of the localized singularity removal technique, even for a stable situation (see also [28] for the acoustic setting).
As a consequence of Proposition 2.2, one obtains the following result that is used in the proof of Theorem 2.2:
for some positive constant C R independent of (J e , J m ), (f, g), and δ.
Proof. Since R 0 is fixed but arbitrary, one might assume that Ω 3 ⊂ B R 0 /2 . By the trace theory, see, e.g., [2, 10] , there exists (E,
and
for some positive constant C independent of (f, g).
2 is radiating and satisfies
The conclusion now follows by applying Proposition 2.2 to (E δ , H δ ).
Proof of Propositions 2.2.
Using a translation, local charts, and Lemma 3.3, one can assume that x 0 = 0 and D = B r 0 ∩ R 3 + , where R 3 + := {x ∈ R 3 ; x · e 3 > 0} with e 3 = (0, 0, 1).
Then, by Lemma 3.3,
Our goal is to prove that (
Fix an extension of (ε + , µ + ) in B r 0 of class C 2 and continue to denote this extension by (ε + , µ + ). Set, in B r 0 ,
One has
Set S = (0, 0, −r 0 /4) ∈ R 3 and denote, for 0 < r < r 0 /3
Using (3.7) and (3.8) and applying the three-sphere inequality [27, Lemma 7] (see also [31, Theorem 2]), we have, for t ∈ (r 0 /4, r 0 /3),
, where
, with R 1 = r 0 /4, R 2 = t, and R 3 = r 0 /3 for some positive constant q depending only on (ε + , µ + ) and for some positive constant C independent of n. Thus, by choosing t close to r 0 /4, i.e., R 2 close to R 1 , one has β > (1 + α)/2. Fix such a t. Set τ 0 = t − r 0 /4. We now prove (2.18) by contradiction for this τ 0 . Assume that
As in the proof of Lemma 3.1, one has
It follows from (4.16) that
We derive from (4.13) and (4.17) that
Combining (4.15) and (4.18) and using the definition of (Ê n ,Ĥ n ) in (4.14) yield
. It is clear that its limit satisfies (2.17). We have a contradiction. The proof is complete.
Proof of Theorem 2.2
For a simple presentation, we will assume that λ = ω = 1. Before presenting the proof, we introduce, for n ≥ 0,
, where j n and y n are the spherical Bessel functions of the first and the second kind of order n respectively. Recall that (see, e.g., [11, (2.37 ) and (2.38)]), as n → +∞,
In what follows, let Y m n denote the spherical harmonic function of degree n and of order m, and set
We are ready to give 5.1. Proof of Assertion (1) of Theorem 2.2. Let (E, H) ∈ L 2 (B r 3 \B r 2 ) be the unique solution to
and set
Since ω = 1, one then can represent E, H as follows, in B r 0 \ B r 2 , see, e.g., [14] , with r = |x| and x = x/|x|,
Using (5.2) and the fact that E × ν = 0 on ∂B r 2 , we derive that 
The key point of the proof is the construction of (E δ , H δ ) ∈ [L 2 (B r 3 \ B r 2 )] 6 defined from (E, H) as follows:
Note that (E δ , H δ ) is defined in B r 3 \ B r 2 instead of in B r 0 \ B r 2 as the one of (E, H).
It is clear from the definition of (E δ , H δ ) in (5.7) and (5.8) that
Here, to derive the boundary condition E δ × ν = 0 on ∂B r 2 , we use the fact that E × ν = 0 on ∂B r 2 . By the definition of ξ n in (5.6), one has for n ≥ 1.
These above two inequalities can be derived by separately considering the case ξ n ≤ 1 and ξ n ≥ 1. Combining (5.10) and (5.11) and using (5.5) give
be, respectively, the unique radiating solutions to (5.14)
and,
Using (2.19) and applying Lemma 3.3, one can derive from (5.3), (5.9), (5.13), (5.14), and (5.15), that
From the definitions of (E, H) and (E δ , H δ ), we have
Using the trace theory, we derive from (5.5) and (5.12) that
and from (5.5) and (5.11) that
Using the fact that, on ∂B r 2 ,
and applying Lemma 3.1, we derive from (5.14) and (5.17) that
Applying Corollary 4.1, we obtain from (5.18) that
Assertion (2.21) now follows from (5.16), (5.19) and (5.20).
5.2.
Proof of the second statement of Theorem 2.2. One of the ingredient of the proof is the following three-sphere inequality, which is conducted in the spirit of Hadamard's famous one [12] .
Lemma 5.1. Let ω > 0, 0 < R 1 < R 2 < R 3 ≤ R, and let (J e , J m ) ∈ [L 2 (B R )] 6 . Assume that (E, H) ∈ [H(curl, B R )] 2 is a solution of
We have, with α = ln(R 1 /R 3 ) ln(R 2 /R 3 ),
for some positive constant C that depends on ω and R but is independent of R 1 , R 2 , R 3 , (J e , J m ), and (E, H). We have
In this proof, C denotes a positive constant depending only on ω and R. By considering (E − E, H − H) and using (5. The conclusion now follows from Hölder's inequality.
We are ready to give
Proof of Assertion (2) Let (E n , H n ) ∈ L 2 (B R 0 ) be such that        ∇ × E n = iω H n +f n in B r 3 , ∇ × H n = −iω E n +g n in B r 3 , E n ×ν × ν + H n ×ν = 0 on ∂B r 3 .
From (5.23), we have
Here and in what follows in this proof, C denotes a positive constant independent of n. Set (Ê n ,Ĥ n ) = (E n+1 − E n , H n+1 − H n ) − (E n , H n ) in B r 3 .
It follows that ∇ ×Ê n = iωĤ n in B r 3 , ∇ ×Ĥ n = −iωÊ n in B r 3 . Applying Lemma 5.1, we have
. with r 0 <r 0 < r α 2 r
1−α 3
and β = ln(r 0 /r 3 ) ln(r 2 /r 3 ) > α. Using (5.23) and (5.24), we obtain (Ê n ,Ĥ n ) L 2 (Br 0 ) ≤ C2 −n[β(1−α)−α(1−β)] ≤ C2 n(α−β) .
One derives that (Ê n ,Ĥ n ) is a Cauchy sequence in L 2 (Br 0 ).
Considering the system of the limit of (Ê n ,Ĥ n ), one reaches a contradiction with a non-existence of a solution of (2.20).
